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1. Introduction

In this paper, we are concerned with the accuracy of numerically computed solutions in the Sylvester
equation

AX + XB = C, (1)

where A € C™™ B € C™™and C € C™*" are given. The Sylvester equation (1) appears in many
important problems in science and technology, e.g., control theory [1], model reduction [2,3], the
numerical solution of Riccati equations [4], image processing [5] and so forth. Moreover (1) includes
as special cases several important linear equation problems: linear system, multiple right-hand side
linear system, matrix inversion, and eigenvector x corresponding to given eigenvalue b: (A—bl;,)x = 0,
where I, denotes the p x p identity matrix, and commuting matrices: AX — XA = 0. Especially block-
diagonalization of a block triangular matrix is equivalent to solving (1) (see e.g., [6]). The case B = AT
is called the Lyapunov equation which arises in several applications in control theory, e.g., in stability
and robust stability, model reduction, internal balancing and determining the Hy-norm [1].
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It is well known (e.g., [6]) that (1) can be written as the following linear system:
Pvec(X) = vec(C), P:=1, @ A+B' @I, (2)

where ® is the Kronecker product (see e.g., [7]) and vec is the operation which stacks the columns of
a matrix in order to obtain one long vector. Therefore P is an mn x mn complex matrix, and vec(X)
and vec(C) are complex mn-vectors.

Let M € CP*P and A(M) be the spectrum of M. If A(A) = {A(A),..., An(A)} and A(B) =
{A1(B), ..., An(B)}, it holds (see [7]) that

AP) ={AA) +AB) :i=1,...,m, j=1,...,n},

including algebraic multiplicities in all three cases. Therefore (1) has a unique solution X* if and only
if Aand —B have no eigenvalues in common. In this paper, it is assumed that this condition is always
satisfied.

Standard direct methods for solving (1) have been proposed in [8,9]. These methods are based
on the Schur decomposition, by which the original equation is transformed into a form that is easily
solved by a forward or backward substitution.

In this paper, we consider numerically enclosing the exact solution X* in (1). There are several
algorithms for enclosing solutions in (1), e.g., [10-14]. Most of the algorithms in [10] involve floating
point operations whose number is proportional to the exponential of m and n. Another algorithm in
[10] requires ©(m>n? + m?n>) operations. The algorithms in [11-13] involve O(m®n?) operations. As
opposed to these algorithms, the algorithm in [14] requires only ©(m>® + n®) operations if A and B are
diagonalizable. Namely this algorithm is pioneering work for enclosing X* with cubic complexity. The
algorithm in [14] is based on numerical diagonalization and the Krawczyk operator [15], and supplies
an interval matrix containing X* by empirically creating a candidate interval matrix and examining
whether the created matrix includes X* or not.

The purpose of this paper is_to propose algorithms for enclosing X* which directly supply error
bounds X¢ € R™*" satisfying [X — X*l < X¢, where X and |X — X*| denote a numerical solution in
(1) and the matrix with elements |(X X*)jjl, respectively, and inequalities between matrices hold
componentwise. These algorithms also require only ©(m>+n?) operations if A and B are diagonalizable.
We present theories for directly obtaining X to construct the proposed algorithms, and introduce
techniques for accelerating the enclosure and obtaining smaller error bounds. The proposed algorithms
allow the presence of underflow in floating point arithmetic. .

This paper is organized as follows: In Section 2, theories for computing the upper bound for |X — X*|
are established. In Sections 3 and 4, techniques for accelerating the enclosure and obtaining smaller
error bounds are introduced, respectively. In Section 5, numerical results are reported to show the
property of the proposed algorithms. Finally Section 6 summarizes the results in this paper and high-
lights possible extensions and future work.

2. Enclosure theories

In this section, we establish theories for enclosing solutions in (1). For M € C™*", My, M;. and
M.; denote the (i, j) element, the i-th row and the j-th column of M, respectively, = {IMjl},

M' = (Mg}, IMlloo := max; 3 Myl [Ml1 := max; > [My| and [M|lm := max;; |My]. For a

complex vector v, v; denotes the i-th element of v. For M,N € R™", min(M,N) := {min(Mj,
Nj)}. Fordy, ..., d, € C, diag(ds, ..., d,) denotes a diagonal matrix whose diagonal elements are
dy,...,dy. Letu, u, Iy, ®, ./ and fI(-) be unit roundoff, underflow unit (especially u = 273 and

u = 271974 in [EEE 754 double precision), the p x p identity matrix, the Kronecker product, point-
wise division, a result of floating point operations, where all inside parenthesis are executed by ordi-
nary floating point arithmetic fulfilling rounding-to-nearest mode, respectively, y, := pu/(1 — pu),

b = ﬁy4 + (1 + \/fy4)yp, s® = 1,...., DT e RPand E := (s, ..., sM) e R™*" For
M e C™Mand v € C™, we define
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M4 Vi Vm41 * Vim(n—1)+1
vec(M) := and mat(v) :=| : ,
M:p Vm V2m - Vimn

respectively. Then we have mat(vec(M)) = M and vec(mat(v)) = v. Assume v; 7 O for all i and let
V := diag(v1, . .., V). Then it holds that V™ 'vec(M) = vec(M./mat(v)). Let FR and FC be sets
of all floating point real and complex numbers, respectively.

We cite Lemmas 1 and 2, and present Lemma 3 which are used in the proof of Theorems 1, 2, 3 or
4 shown below.

Lemma 1 (E.g., Horn et al. [7]). For any complex matrices K, L, M and N with compatible sizes, it holds
that

(K®L)(M®N) = (KM ® LN)
vec(LMN) = (N' ® L)vec(M).

Lemma 2 (E.g., Meyer [16]). ForS € C™™and1 < p < oo, if ||S|l, < 1, Iy — S is nonsingular.

Lemma 3 is a modification of [ 17, Theorem 3] suited for estimating upper bounds for matrices rather
than vectors.

Lemma 3. LetS,G € C™™ F € C™" and Df := diag(||F:1lloo - - - » |Fnlloo)- If ISlloc < 1, it holds
that
|(Im — S)"'F| < |F| + ! ISIED
- = T a0 F
" 1—Slloo
1 1G]l o
|(Im —S)"'GIE< | |G| + ————IS| ) E. (3)
1—ISlleo

Remark 1. From ||S||cc < 1and Lemma 2, I, — S is nonsingular.

Proof. The Neumann series (e.g., [16, Chapter 3]) gives
| (I — S)"'FI < [(In — ) 'IF| = Im + S+ 5% + -+ [|F|
< (m+ IS+ ISP+ - IF| = [Fl + (S| + IS + - - )(Fla, .-, [Fl:). (4)
Fori=1,...,n,itholds from ||S||cc < 1 that
(S| + IS + - - )IFLi = ISIIFLi + ISI(SIIF].) + - - -
< IFL:illooISIs™ + N11SIIF:ill oo |SIs™ + - - -
< IFilloo ISIs™ + [ISlloo IF:ill oo ISIs™ + - - -

IF ]

= IEilloo(1 + [ISlloc + ISIZ + - - )ISIs™ = "> |5|stM_ (5)

1= [ISlloo
This and (4) yield
_ 1
| — )"l < |F| + ————(IE:1 llooISIs™, . .., IF:nlloo ISIs™)
1— [ISllso
1 (m) (m) 1
=|F|+ ————(SIs™, ..., |SIs")Df = |F| + —————|S|EDf.

T —[Slleo T—Slleo
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From derivations similar to (4) and (5), we obtain

| — $)'GIs"™ < (I + IS| + ISI* + - - -)[GIs™
<GIs"™ + (IS| + ISI* + - - -)|Gls™

G|sm
G s )

G
<[Gls™ 4 == = (|G| + ””"°|5|)s<m>,
1T—[ISlleo 1T—[ISlleo

which shows (3). O

2.1. Theory based on spectral decomposition
Assume that A and B are diagonalizable, i.e., there exists diagonal D, € C™*™ and Dy € C"™*", and
nonsingular V4 € C™ ™ and Vg € C™*" such that
A=VaDaV; ' and B" = vgDpvy .
In this subsection, we formulate and prove Theorems 1 and 2 for enclosing solutions in (1) based on

the spectral decomposition.

Theorem 1. Let X € C™ ", Dy, V4, Wy € C™™, Dy, Vg, Wg € C™", D4 and Dg be diagonal, D4 and
—Dg have no diagonal elements in common, and

Ra :=Wa(VaDa — AVa), Rp := Wi(VsDp — B'Vg), Sp := Iy — WV, Sp := I — W3V,

lIRalloo lIRs | oo
Ta:=|Ral + ————ISal, Tp := |Rg| + —— ——ISsl,
1 — ISalloo 1 — lISlloc

T :=TaE + ET}, D := D4E + EDg, Tp :=T./ |D|.
IfISalloo < 1 and ||Sgllee < 1, V4 and Wa, and Vg and Wy are nonsingular, respectively. Additionally if
ITollm < 1, (1) has a unique solution X*.

Proof. Lemma 2, ||Sallooc < 1and ||Sg|lco < 1 give the nonsingularity of I, — S4 and I,, — Sg, which
imply the nonsingularity of V4, Wy, Vg and Wp. Let P be as in (2). As discussed in Section 1, (1) can be
written as (2). From Lemma 1, we have

P=WBeVa)QV,' @V, ), Q:=1,® (V; 'AVx) + (V5 'B"Vp) ® In. (6)

Therefore if Q is nonsingular, P is also nonsingular, so that (1) has a unique solution X*. Thus we prove
the nonsingularity of Q. Let Q4 := (I;; — Sa) ™~ 'Ra, Qg := (I —~SB)_1RB,~A ‘=1, ® Dy + D ® I, and
Q :=1I, ® Q4 + Q ® I1,. Observe that A is nonsingular, since D4 and —Dp have no diagonal elements
in common. It follows that

Q=1 ® (Da — Dp 4 V; 'AV4) + (Dp — D + V; 'B'Vp) ® Iy
=1Ip ® (Da — V; ' (VaDa — AVn)) + (Dg — V5 ' (VgDs — B'Vp)) ® Iy
=1, ® (Da — ‘7,4_1WA_1WA(‘7ABA — AVp)) + (Dp — Vg "Wy 'Wy(VpDs — B'Vp)) ® Iy
=1Ip ® (Da — (WaVa)"'Ra) + (Dp — (W5V) ™ 'Rp) ® Iy
=1y ® (Da = (Im — Sa)~"'Ra) + (Dp — (In — Sp) ™ 'Rg) ® Im
=1, ® (Da — Q1) + (D — Q) ®lm =1 ®Da —[h ® Q + Dp @ I — QG ® In
=A—Q=Alm — A'Q). (7)

Hence if I;; — A~ is nonsingular, Q is nonsingular. Lemmas 1 and 3 yield
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1A7'Qlloe = IATTQU™ [loo = 1A 1R1s™[|oe = [I|A7"]|QIvec(E) [l

<A™ (I ® Q4] + Q5] & Im)vec(E) [l

= [I|A7"[(Un ® |Qal)vec(E) + (1Qs| ® Im)vec(E)) |l

= [[|A™"|(vec(|QalE) + vec(E|Qs|"))lloo

= [||A™"[vec(|QalE + E[Qz|") [l

= [||A™" [vec(|QalE + (1QBIEN) [loo <I[|A™" [vec(TAE + (TEE") ") [loo

=[[|A™"[vec(T) oo = [IVec(T ./ ID)[loo = [Ivec(Tp)lloo = I TplIm- (8)
This and ||Tplly < 1 give ||[A71Q|loc < 1. From this inequality and Lemma 2, I,y — A7 is
nonsingular, so that Q and P are also nonsingular. Consequently (1) has a unique solution X*. [

Theorem 2. Let X, W4, Wp, S, Sg, D and Tp be as in Theorem 1, and

R:=AX + XB — C, Ry := W4RW},

P a ._ 1 r T
DW L dlag(||RW1;||]a L] ”RWm;“l)’ RW L |RW| + DWE|SB| )
1= [Sslleo
1
1 1 1 1 1 1
D) = diag(IRY lloc, - - -, IRG) lloo), RS = RYY + ——————[s4[ED{,
1= [Salloo
c . @) . 1 c
Dy, := diag(|IRw; llsos - - - » IRw,, lloo)s Ry = |Rw| + ——————|SalEDS,,
1= lSalloo
1
2 2 2 2 2 2
Dy = diag(IRy) Ilr. ... IR ), RY := Ry + ———— D EIss|",
1= [Sslloe
IRp Il

Ry :=min(RY, R?), Rp :=Ry ./ |D|, U:=Rp + —— > 1
1—Tpllm

If all the assumptions in Theorem 1 are satisfied, it holds that
X —X*| < X5, X° := [Va|U|Vs]",

Proof. Let P beasin (2), V4 and Vg be as in Theorem 1, and Q, A and € be as in the proof of Theorem 1.
It holds from (6) and (7) that

vec(X) — vec(X*) = vec(X) — P~ vec(C) = P~ (Pvec(X) — vec(C))
=P (I, ® A)vec(X) + (B" ® Im)vec(X) — vec(C))
= P~ 1(vec(AX) + vec(XB) — vec(C)) = P~ 'vec(R)
=V @V;)T'Q T (Vs ® Va) 'vec(R)
=z ®VAQ ™ (V5 ' &V, vec(R)
= (Vg ® Va)(UImn — A7) T A Tvec(V, 'RV, ). 9)
From this, Lemma 3, and (8), we obtain

vec(|X — X*|)

= |vec(X — X*)| = |vec(X) — vec(X™)|

= (Vs ® Va)(ln — A™'Q) "' A™ vec(V; 'RV )|

< Vg ® Vall(lmn — AT'Q) 1A vec(V, 'RV, )|
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= |V ® Val|(lnn — A7) "'vec((V, 'RV; 7)./ D)
vec(V;'RV; )./ D
Ivec(V; R/ )uwm_]ms(mn))
1—A7'Ql
vec(Vi'RV;T)./D
vec((Vy 'RV; 1) ./ >||oovec(TD))
1= [ITpllm
vec(|V; 'RVZT|./|D
llvec(|Vy RVg " |./ | DHOOvec(TD))
1—|[Tpllm
. 1o~ -
11V "RV "1 ./ IDlllm )
1= |Tpllm

oo VRV Dl -
=vec(|vA|(|vA1RvBT|./|D|+ A__B Tp ) 1Vs|" ),
1— | Tpllm

< Vs ® Val (lvec((f/A]RV;T) /D) +

A (|vec<<v,:1RVB-T> JD)l+

= (Vs ® |\7A|)(vec<|\7;1R\7,;T| ./ D) +

= (Vs ® IVAI)VEC(IVleRVETI ./ DI +

that is,

VA 'RVE T/ Dllm .\ -
A B o ) Vsl (10)

X —x*| < |VA|(|V;1R\7;T| /1D +
1—||Tpllm
We derive the upper bound for |\7;1R\~/B_T|. Since
ViRV T = [V Wy T WaRWE Wy TV T = [V wy TR W, TV T
= |(WaVa) "' Rw (W3V5) ™| = |(m — Sa) ™' Rw(Un — Sp) ",

we can derive the following two types of the upper bounds using Lemma 3:

VA 'RVE T < | — Sa) " IRw Iy — S8) ™" = (I — Sa) "' 11(In — Sg) ™ 'RYy|"

T
< |(Im — Sa)~ 1|(|R |+ |S|E" diag([|Ry,, ||oo,...,||R£v:m||oo))

1 —[ISBllco

T
_ 1 1,01
= (I — S1) 1|(|RW|T+1_HSBH |sB|ETD£v) = |(lm — S1) " IR}
o0
1
<RY 4+ —— s, =RV,

1— [ISalloo
Vi 'RV | < (I — Sa) ™ "Rw ||ty — Sp) ™"

< R 1 (o —1,T
<{ IRw|+ ———=——ISalED}, ) |(In — SB)™ |
1— [Salloo
2 — — 2)T\T
=R Uy — &) " = (1(ln — S) " RETT

1
)T )T )T
( R 4+ ISp[E" diag (IRY lloos - - -, IRY" ||oo>)

1— [ISslloo

1 1
( RDT + ——— I |ETD(2)) =Ry + ————DWEIS" =R (1)
T —1S8llco 1T —S8llco

These two upper bounds yield |\~/A_1R\~/ET| < Ry. It finally follows from this inequality and (10) that
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. . ~ lRv./IDllIm.. \ -~

|X—X*|s|vA|(Rv./|D|+TD |Vg|"
1— I Tpllm

IRpIm

1= [ITplim

The proposed algorithms based on Theorems 1 and 2 compute X ~ considering rounding errors. For
practically computing X*, we need to determine X, Da, Va, Wy, Dg, Vg and W If X is close to X*, the
absolute value of each component of R becomes small. Hence we determine X as a numerical result

for X*. We can expect that [|Sa|loo < 1and ||Sg||cc < 1 hold if W4 and Wp are not far from \7A_1 and
Vg !, respectively. Adding with these conditions, if Da, V4, D and Vj are not far from Da, Va, Dp and
Vg, respectively, we can expect that ||TD Im <1 follows Thus we determine Dy, V4, Wa, D, Vg and Wy
as numerical results for Dga, Va, VA , D, Vg and VB , respectively. Note that the overall computation
involves only ©(m> + n®) operations.

= |\7A|(RD+ TD)WBF = [Vululs" =x°. O

2.2. Theory based on block diagonalization

If Aand/or B are not diagonalizable, or Va and/or Vg are ill conditioned, we cannot verify [|Sallco < 1,
[ISellcc < 1or ||Tp|lm < 1, so that Theorems 1 and 2 are not applicable. In such situations, we can
utilize block diagonalization

VP AV? = D% and VP 'BTVE = Db,

where V8 € C™™ and V € C™" are nonsingular, and D4 and D} are block diagonal with each
diagonal block being triangular. This block diagonalization has been introduced also in [14]. The algo-
rithm in [18]! numerically computes these matrices. Although we can require either, upper or lower
triangular form in principle, it is advantageous in the view of computational cost to assume that the
both of D% and D} are upper or lower triangular, since I, ® D3 + D} ® I, becomes also triangular. This
algorithm arrows to trade a better condition of V2 for larger diagonal blocks in D5.

In this subsection, we develop theory for enclosing solutions in (1) based on the block diagonaliza-
tion. We present Lemma 4 and Corollary 1 for proving Theorems 3 and 4. Lemma 4 and Corollary 1 are
modifications of [19, Lemma 7.3] and [19, Theorem 4.2], respectively, suited for estimating residuals
for approximate inverses of complex sparse triangular matrices whose diagonal elements consist of
sum of two numbers.

Lemma 4. Let T € FC™ ™ be triangular, Ty = ¢ + &) £ 0,i = 1,...,mn, dr =
(T11, - -+, Trnmn)”, the maximum number of nonzero elements in each row of T be bounded by < mn,

addltzons t(') + tél) be executed by floating point operation, and a linear system Tx = b be solved via
backward or forward substitution. Then including underflow, the computed solution X satisfies

f u
(us

b= TXI = ul Tl + —— M) 4 2(1 4+ /2y4)|dT]).

Proof. We defer a proof until Appendix, since techniques used in this proof are not needed in this
section. J

Corollary 1. Let D} € FC™™ and D} € FC™ ™ be block diagonal with each diagonal block being
triangular, D and —D% have no diagonal elements in common, « and f be the maximum block size in D}
and D}, respectively, o := o+ B —1, AP := 1, @ D+ D} @I, da := (AL, ..., AL T, additions in

1 For preserving real quantities, the algorithm in [18] actually computes only quasi triangular blocks, which contains real 2 x 2
diagonal subblocks for any pair of conjugate complex eigenvalues. For simplicity, we always reduce such subblocks to a truly triangular
subblock containing the complex conjugate eigenvalues via a unitary similarity transformation.
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Af’i be executed by floating point operations, e® be the i-th column of Imn, F be the approximate inverse of
AP whose rows eDTF are computed by substitution, in any order, of mn linear systems AbT(FTe(i)) =e®,
and S := Iy, — FAP. Then including possible underflow,

\/_* st (g5

IS| < ¢ |F||AP I+ T 4 2(1 4+ V2y4)lda ™).

Remark 2. By exploiting Corollary 1, an upper bound for |S|s™? can be computed without executing
the matrix multiplication FA®, which requires O(m>n>) operations. See (13) for detail.

Proof. The result follows by applying Lemma 4 for AbT(FTe(i)) =e® i =1,..., mn Observe that
the maximum number of nonzero elements in each column of A? is bounded by o. O

We construct Theorems 3 and 4 for enclosing solutions in (1) based on the block diagonalization.
Theorem 3. Let DY, D}, o, d and F be as in Corollary 1,X € C™", Vb, wb e C™m b wh e ™,
SB, sb and TP be similar to S, S and T in Theorem 1, respectively, for D}, V2, W&, Db, V£ and Wg, and

= [Flvec(1”), D° := |DFIE + E|Dp|",
2v/2u(mno +2(1 4 /2y4)|da|"s™) S

1—ou

fp:=2¢s |F|vec(5b) +

17l oo )
Tb = mat f + 71: .
D (T 1—[Ifpllo

If||52 loo < 1and ||Sg [loo < 1,then \7}" and W}", and \75 and Wg are nonsingular, respectively. Additionally
if Ifpllec < 1 and ||TB||M < 1,(1) has a unique solution X™*.

Proof. Let Pbeasin(2),Rbeasin Theorem 2 Ab and Sbeas 1n Corollary 1, and QP be defined 51m11arly
to © in the proof of Theorem 1 for D3, D}, V2, V2, W and W2. Similarly to the proof of Theorem 1, V2,

W2, V2, W} and A® are nonsingular, and
= (BRVHQLWE @), Q= Al — A" 0. (12)
It holds from Lemma 1 and Corollary 1 that
st 2v/20(mno + 201+ V2yn)ldal's™)
1—ou

2¢/2u(mno +2(1 + ﬁy4)|dA|Ts<m”))s(mn)

1—ou
2v2u(mno + 21 + v2y)ldal"s™) (y _

1—ou

ISIs™ < ¢, |F||A"]s

< & |F|(y ® |D}] + D] @ Im)vec(E) +

= ¢ |Flvec(D") + = fp. (13)

This, |fp|loc < 1 and Lemma 2 show the nonsingularity of I, — S. It follows from this nonsingularity,
Ifbllco < 1,Lemma 3, (8) and (13) that

|AP QP < | AP |19 vec(E)
< A" jvec(T?) = |(In — S) ' Flvec(r?)
f |(Imn - S)_IH:T
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”fT”oo |S|S(mn)

<fr+
1 =[Sl
f
<fr+ pr = vec(T[b,). (14)
1= lIfplloo
This, ||vec(Tg)||C>O = ||T}3’||M < 1, Lemma 2 and (12) give that P is nonsingular, i.e., (1) has a unique

solution X*. O

Theorem 4. Let F be as in Corollary 1, V2, W2, V2, WE, sk b £ and T} be as in Theorem 3, RY, be similar
to Ry in Theorem 2 for W2, W, S and S},

f
fr = |F|vec(R€’/), Rg = mat (fR + ”Mloofp),
1—Ifplles

and X¢P be defined similarly to X in Theorem 2 for TB, Rg, \7}\’ and \7}3’. If all the assumptions in Theorem 3
are satisfied, |X — X*| < X¢P holds.

Proof. Let R be as in Theorem 2, AP and Sbe asin Corollary 1, QP be as in the proof of Theorem 3, and
U® be defined similarly to U in Theorem 2 for TB and R,g. Lemmas 1 and 3, (9), (11), (13) and (14) yield

vec(|X — X*) = |(V2 @ V0 Iy — AP QP) 71 AP vec(V2 RVE )|

< VR @ UR11(lmn — A" Q)7 IAY vec(172 RV} )
~ ~ ~1 _ —1

< V2 ® V2l (Umn — AP Q") 71 |AP |vec(RY)
~ ~ —1 _ —

< VD ® V21 (mn — AP Q") 71| (I — S) "' Flvec(RY)
~ ~ —1 _ —

<V @ V2l (Umn — A" Q") [ Un — S) Ik

Y - f
<172 @ T2 (I — A7 20 (4 RN o)
1= 1Slleo

IA

. . &l
V2 ® V21| (I — AP 20) 1|(fR+“°fD
1— [Ifolloo

o —
= V2 ® V2| (I — AP @)~ vec(RY)
vec(RD _
w|Ab 1Qb|s(mn)
1— [ AP QP
_Ivec®p)lloe
1— [lvec(Th) lloo

IR Im “h oo
#Tg = |V} ® V2|vec(U?)
1= ITplim

= (|V2| @ |V ]vec(UP) = vec(X®D),

<|Vp ® Vsl (vec(R%) +

IA

A=A (vec(R’[’,) + vec(Tg))

= |V} ® V|vec (Rl,’J +

proving |X — X*| < X®0. O

The proposed algorithms based on Theorems 3 and 4 compute xeb considering rounding errors.
Similarly to Section 2.1, X, D, V2, W2, D, V2 and W}, are determined as numerical results for X*, D5,
~p—1 ~p—1 . . . . .
V2, VA, Db, Vb and V), respectively, in the practical execution. Note that the computation of X
requires O(o-m?n?) operations, since the computationally most complex part is the calculation of F
and this calculation involves ©(o:m?n?) operations.
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3. Techniques for accelerating the enclosure

In this section, we introduce techniques for accelerating the computation in the proposed algo-
rithms. Let V4, Wa, Sa, S, T, R‘(Ai,), R‘(,i) forj = 1, 2 and X* be as in Section 2.1, and F, Sg, Sg and X¢P be
as in Section 2.2.

As described in Section 2, the proposed algorithms compute X* or Xeb taking rounding errors into
account. For computing X, we need to compute T, R‘(Ai,) and R‘(,i) forj = 1, 2.1f upper bounds for |S|s™

and |Sg|s™ have been obtained, we do not need to execute matrix multiplications |S4|E and E|Sg|”,
since

ISAlE = (1Sals™, ..., [Sals"™) and E|Sg|" = (ISsIs"™, ..., ISls™)T,

respectively. Analogously we do not need to execute matrix multiplications |R4|E and E|Rg|, if upper
bounds for |R4|s™ and |Rg|s™ have been obtained. Thus the computation of T requires only O (m? +
n?) operations if upper bounds for [Sa|s™, |Sg|s™, |Ra|s™ and |Rg|s™ have been obtained. Similarly
the computation of R‘(,"? and R‘(,i) forj = 1, 2 requires only ©(m? + n®) operations if upper bounds for
Sals™, |Sg|s‘™ and |Ry | have been obtained. Completely analogous discussion is possible also in the
computation of X0,

The following technique accelerates the computation of upper bounds for |SA|s(m) and |SB|s(”):
From [20, Proof of Theorem 2] and Lemma 5, we have

1Sals"™ < 11(SA)s™ + @m—1]Wal|Vals™
+u(|A(Wa72)[s™ + s™) + 24/2m*u(1 + ym_1)s™, (15)

where ¢, = (v/5u+ (14 +/5u) vp)ifu < 27>, Note that (15) holds also in the presence of underflow.
The analogous of (15) also follows for |Sg|s™. From (15) and its analogous for |Sg|s™, we need to
execute matrix multiplications W4 V4 and WV only once in rounding-to-nearest mode for calculating
the rigorous upper bounds for |S4 |s(m) and |SB|s(”), respectively, so that the computations of T, R\(,{,) and
Rg) forj = 1, 2 can be accelerated.

Similar technique is applicable also in the computations of upper bounds for |Sg Is(™ and |Sg Is™. In
the computation of X¢ b on the other hand, we cannot expect that this technique remarkably accelerates
the overall computation. The reason is that the computation of F in Corollary 1 requires O(om?n?)
operations, while this technique reduces the frequency of ©(m? + n?) operations.

4. Techniques for obtaining smaller error bounds

In this section, we introduce techniques for obtaining smaller error bounds. Let P be as in (2), Da,
Dg, Va, Vi, Va, Vg, Wa, Wp, D, R and X® be as in Section 2.1, and D5, Db, A?, F, &, V2, V2, V2, V] and x®°
be as in Section 2.2.

For reducing each component of X° and X¢?, we need to reduce the absolute values of each com-
ponent of R. For obtaining R whose components are small in the sense of absolute value, an accurate
approximation X to X* is necessary. Such accurate X can be obtained via iterative refinement. For
y := P~ vec(R), we have

vec(X) —y = P71 (Pvec(X) — vec(AX 4+ XB) + vec(C)) = vec(X*).

For producing accurate X, moreover, it is necessary to compute R with extended precision computation
(see e.g., [21]). Hence iterative refinement for X can be executed by repeating the following procedure:

1. Compute R with extended precision computation.
2. Solve linear systems Py = vec(R).
3. Update X such that X = X — mat(y).
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When we form P explicitly and solve Py = vec(R) via direct methods, on the other hand, ©(m>n?)
operations are required, so that the iterative refinement is prohibitive in the view of computational cost.
Thus we present the techniques for reducing the computational cost of this procedure to O(m> + n?)
operations.

4.1. Iterative refinement exploiting spectral decomposition

Consider the spectral decomposition discussed in Section 2.1. From the analogous derivation to the
proof of Theorem 1, it holds that

P~'vec(R) = (Vg ® Va)(In ® Da + D ® Im) ' (V5 ' ® V; )vec(R)
= (Vg ® Va) (I, ® Da + D ® )~ 'vec(V, 'Rv; 1)
= (Vg ® Va)vec((V; 'RV5 ") ./ D)
=vec(Va((V; 'RV5T) ./ D)V]),
where D := D4E 4 EDg. Therefore Py = vec(R) can be numerically solved with ©(m3 +n?) operations

by exploiting V,, Vg, Wa, W and D. This discussion modifies the above procedure as follows:

1. Compute R with extended prec1510n computation.
2. Compute Y := VA((WARWg )./D)VE.
3. Update X such thatX = X — Y.

Remark 3. The iterative refinement based on the standard direct methods in Section 1, i.e., that ex-
ploiting the Schur decomposition is also possible. Solving Py = vec(R) with the Schur decompositions
requires four matrix multiplications and the forward or backward substitution, if the decompositions
are completed. This forward or backward substitution requires ©(m> + n>) operations. On the other
hand, solving this equation with the spectral decompositions requires four matrix multiplications and
the pointwise division, if V4, Vg, W4, Wp and D have already been obtained. This pointwise division
requires only O(m? + n?) operations. Hence the iterative refinement based on the procedure given
in this subsection is faster than that exploiting the Schur decomposition in the case when the algo-
rithms based on Theorems 1 and 2 are executed. Analogous discussion is also possible for the iterative
refinement in Section 4.2 if o = O(1).

4.2. Iterative refinement exploiting block diagonalization
Consider the block diagonalization described in Section 2.2. It follows that
P vec(R) = (V2 @ V2)(ly ® D! + DL @ Iny) ' (V2 @ V2 yvec(R)
= (V2 @ V) (Iy ® DY + D @ 1)~ 'vec (VP RVE )
= (V2 ® VP)vec(mat((ly ® D} + D @ Im) ™ 'vec(VE RVE "))
= vec(V?mat((I, ® DY + D8 ® I) " 'vec(V2 RVE ).
Hence we can exploit V2, W2, V2, W2 and F. Then the above procedure can be modified as follows:

1. Compute R with extended precision computation.
2. Compute Y? := VEmat(Fvec(WERWLT))VET.
3. Update X such that X = X — b,

However this procedure requires O(m?n?) operatlons since F € C™>™M g dense triangular. This
procedure can be revised as follows, where D4 and D} are assumed to be lower triangular without loss
of generality:



S. Miyajima / Linear Algebra and its Applications 439 (2013) 856-878 867

1. Compute R with extended precision computation.

2. Solve APy = vec(WERWT) via forward substitution.
3. Compute Y? := V/ﬁ’mat(y)VgT.

4. Update X such that X = X — Y®.

This procedure requires ©(m> + n?) operations. The reason is that 1 < ¢ < m+n— 1 and the second
step requires ©(o mn) operations, since the maximum number of nonzero elements in each row of A®
is bounded by o.

5. Numerical results

In this section, we report some numerical results to show the property of the proposed algorithms
and performance of our implementation. Let X*, X, Da, Dg, Va, Vg, Wa, W3, Sa, R, Tp Df‘, Dg, o, V}", Vé’,
W2, W}, fp and T} be as in Section 2.

We used a computer with Intel Xeon 2.66GHz Dual CPU, 4.00GB RAM and MATLAB 7.5 with Intel
Math Kernel Library and IEEE 754 double precision. We applied the function 1yap from the MATLAB
Control System Toolbox for obtaining X. The function bdschur in MATLAB Control System Toolbox
and the MATLAB function schur were executed for obtaining D} and V2.2 The function bdschur can
take an upper bound for the condition number of \7}{ as an input and adjusts the number of diagonal
blocks in 152 and their sizes accordingly. Moreover this function outputs the size of each block in f)ﬂ.
Thus we can compute o by exploiting this output. We asked for a condition number in VA of 1/ /e =
6.7e+7, the default value in bdschur, where € = 272 is the machine epsﬂon The MATLAB functions
eigand inv were called for obtaining Da, Dg, V4 and Vg, and Wy, Wy and WA, respectively.

In some of the proposed algorithms, we computed X® or X0 with the iterative refinements discussed
in Sections 4.1 or 4.2, respectively. In order to compute matrix multiplications AX and XB within R
with extended precision, we created and executed the modified version of the function acc_mu13
in [22]. For m x n and n x p floating point matrices M and N, respectively, acc_Mul (M, N, k, §)
outputs one matrix C which is an accurate approximation for MN.InAcc_Mul (M, N, k, §),M and N are

splited into unevaluated sum of floating point matrices such that M = Zf-l”] M®D and N = Z]’fﬁl N,

where ky; < k and ky < k, respectively. If the number of nonzero elements in MO i=1,..., kn
and/or NU),j =1, ..., ky are smaller than §mn and/or énp, then MO and/or N are stored in sparse
format, respectively. Namely the parameters k and § are the maximum number of the matrix splitting
and the criterion for using the sparse format, respectively (see [22] for detail). The modified version
of Acc_Mul outputs several matrices ¢, ..., 6D where 2521 G is an accurate approximation of
MN. The positive integer | is determined during the execution. Concretely, in the modified version,
the last for-loop (sum) in Acc_Mul is deleted, and the output is changed from C (evaluated sum) to
G¢M, ..., 6" (unevaluated sum). We name the modified version as Acc_Mul noSum.

For computing matrix additions and subtractions within R with extended precision, we created
and executed the matrix version of the function sum2# in [23]. For m x n floating point matrices
MD ... M®P, the matrix version of sum2 computes the sum >"7_; M@ in 2-fold working precision
(see [23] for details). We name this matrix version as Sum2_Mat.

Exploiting Acc_Mul noSum and Sum2_Mat, R can be computed with extended precision by the
following code, where A, and A, are the real and imaginary parts of A, respectively, and By, B, C;, C,

2 We executed the algorithms based on Theorems 3 and 4 for the Lyapunov equation (16) only. Thus computations of D}, V2 and
W2 were not needed.

3 When we execute Acc_Mul, it is assumed that neither overflow nor underflow occurs during the execution. In the examples
shown below, we verified that neither overflow nor underflow occurred during the execution.

4 There are algorithms (e.g., [23-26]) which returns more accurate results for floating point summations than sum2. However X¢
and X?? were not improved even when we executed such algorithms in the examples below.
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X, and X. are defined analogously:

v, . YW = ace Mul nosum(Ar, Xy, 3,0.1);
C(Cl), (12)]_ACC Mul noSum(Ac, X., 3,0. 1);
r(cl), R rcl3)] =Acc_Mul noSum(A, X., 3, 0. 1);
Y®, ... (’4)]=Acc Mul nosum(Ac, X;, 3, 0.1);
[z,(r”,... U5)] = acc_Mul_nosum(Xy, Br, 3, 0.1);
éc]),... (IG)]—ACC Mul nosum(Xc, Be, 3, 0.1);
Z0, ...z =ace mul nosum(X;, B, 3, 0.1);
c(rl), .. (18)]—Acc Mul nosum(Xc, Br, 3, 0.1);
Rr = sum2_Mat(Y, ..., v\ —y Oy V2 D 2% ¢
Re-sunz_iac (v .YV, v 2D 20 2D 2, e

R=R; +i'R;
We set the number of iteration as one,” and executed the iterative refinement before computing X®
or XeP.
We need to enclose R for computing X¢ or X*® considering rounding errors. In the enclosure of
R in the proposed algorithms including iterative refinements, we also used the extended precision.
For enclosing the result of matrix multiplications AX and XB within R with extended precision, we
created and executed the modified version of Acc_Mul_ noSum. For the above M, N and [, this modi-

fied version outputs ﬂpating point matrices G, ..., Gl g g, H(]) . H(IH satisfying
le+ly=LH? <HY j=1,... 4 MN ¢ [z’c P >, H(’) sl 604 z’” H(’)} where
[H, H] for H < H is a matrix interval whose infmum and supmum are H and H, respectively. Con-

cretely, in this modified version, the third for-loop (matrix multiplications including rounding error)
in Acc_Mul_noSum are executed twice: once in rounding to —oo mode and once in rounding to oo
mode. The matrices ﬂ(]), e, ﬂ(’H) and E(l), AU ﬁ(l”) are results of these rounded multiplications.
The matrices G, ..., GU6) are results of error-free matrix multiplications in the second for-loop in
Acc_Mul_ noSum. We name this modified version as Acc_Mul noSum_Int.

For enclosing the result of matrix additions and subtractions within R with extended precision,
we created and used the two modified versions of Sum2_Mat. For the above MD . M® the first
modification computes a rigorous lower bound for Z 1M ® in 2-fold working prec1510n Concretely,
in the first modification, the last floating point summatlon in sum2_Mat is executed in rounding to
—oo mode. The second modification compute a rigorous upper bound of Zle M® whose mechanism
is analogous to the first one. We name the first and the second modifications as Sum2_Mat_Inf and
Sum2_Mat_Sup, respectively.

Exploiting Acc_Mul noSum_Int, Sum2_Mat_Inf and Sum2_Mat_Sup, R can be enclosed with
extended precision by the following code:

sV, p®d o pl) P
YO,y p  ple) 50

v r(lvs) P(l) P(lps) ph

rc,... ot

(1) Y(S’I'Y4)7 Bg;)y i P(IP4) P(l)

L‘T 9 .. cr o

, ﬁgpl)] =Acc_Mul noSum_Int(A, )~(r, 3,0.1);
Fg’CPZ)]= Acc_Mul_ noSum_Int(Ac, X, 3,0.1);
ng3)]= Acc_Mul noSum_Int(A, )?C, 3,0.1);

ﬁglrM)] =Acc_Mul noSum_Int(Ac, X, 3,0.1);

5 In the examples below, X® and X¢” were not improved even when we set the number of iterations as two or more.
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", ...z, QW ..., Q) g, ... Q)= Acc_mul_nosum_nt(X;, By, 3,0.1);
20 (’”),Q(U coy Qe QE?,...,Q(’Q”] Acc_Mul_noSum_Int(Xe, Be,3,0.1);
(2, ...,z¢,Q0, ..., Q%) Q. ..., Q)= Acc_mul_nosum_1nt(X;, B, 3,0.1);
A z(’“) M, ..., @, ..., @)= Acc_Mul_nosum_int(Xc, By, 3,0.1);
R, = Sum2_Mat_Inf(Y)] (” » ,Y#V‘),gﬂ),...,gﬁi”“,—YC(S),...,—Yéé”’,
ng),... Pz Lz e, L @l
a0, g g Q(lqz)’_c)
R =sumz_Mat_tnf(YY, ...,y pO . p%d) vy oyl
Py, ..., plr), ﬁc‘),...,zﬁim,gﬁg),...,gg@),
.. "“’, QW ..., Qlen, —c);
Er=Sumz_Mat_Sup(Y§r”,..., G) pO )y Dy
M _pe), Zr(rl), 2t g gl
S 2 Qgg),.. —Qle2), ¢,
Rc = sum2_Mat_Sup(Y, y &,y Pﬁcl),.. PU”3) vV, v,
P P(1P4) 20z g gley,
z2V, .z el e

ThenR € [R,,R] + i[R., R.] follows. Note that the number of function calls in the above two codes
can be reduced if A, B, C or X are real.
We denote the compared algorithms as follows:

M1: The algorithm based on Theorems 1 and 2 with the techniques in Section 3.
M1i: M1 with the iterative refinement in Section 4.1.
M2: The algorithm based on Theorems 3 and 4 with the techniques in Section 3.
M2i: M2 with the iterative refinement in Section 4.2.
V: Versoft [13] function VERMATEQN.
FH1: The algorithm in [14] with usual double precision.
FH1i: The algorithm in [14] with improved precision [27].
FH1q: The algorithm in [14] with simulated quadruple precision [23].
FH2: The block diagonalization version of FH1.
FH2i: The block diagonalization version of FH1i.
FH2q: The block diagonalization version of FH1q.

We adopted the techniques in Section 3 also in M2 and M2i, since computing times were reduced
slightly.

Let an interval matrix X include X* and rad(Xj;) be the radius of X;;. Similarly to [14], in order to
assess the quality of the enclosures, we define the relative radii

rad(X;;)

§ij := ;
max{|X,~j| 1 Xjj € Xij}

=1,....,m,j=1,...,n

When X* is enclosed by M1, M1i, M2 or M2i, we have

. MG : e
=3 = :
IXij| + IXE | X + IXEP|

We define maximum relative radius mrr and average relative radius arr as
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mn
miT ;= max§&; and arr ;= H“g‘,-j ,
ij ij
respectively. Let fenc, t1yap and ty be the computing time of an enclosing algorithm, 1yap and the
Versoft routine V, respectively. Define time ratios for 1yap and V as

tenc + ¢
and time ratio for V ;= ¢ = lvap

lyap ty

tenc

time ratio for 1yap :=

respectively. We report results for the numerical examples treated in [14]. The radii mrr and arr ob-
tained by FH1, FH1i, FH1q, FH2, FH2i and FH2q are reproduced from [14]. We calculated the above time
ratios of FH1, FH1i, FH1q, FH2, FH2i and FH2q from the computing times reported in [14]. Since FH1,
FH1i, FH1q, FH2, FH2i and FH2q include the computation of X by 1yap, we calculated the above time
ratios of these algorithms such that

fene = hiyap and time ratio for V = teﬂ

time ratio for 1yap =
tlyap ty

Note that the comparison of the time ratios of the proposed algorithms with those of the algorithms
in [14] is not completely fair, since the results reported in [14] have been obtained using a different
hardware.

5.1. Results for well conditioned problems
In this subsection, we report the obtained radii and time ratios for the parameterized test examples
in [28]. Let a, b, s be real parameters, and
A=(TyTAgT}), B=fl(ToBoT; ') and C = f(Ty CoTy "),

where

Ao :=fl(diag(—1, —a, ..., —a" ")), Bo :=fl(diag(—1, —b, ..., —b""")),
Co:=diag(1,...,n), To:=fl(HySoH1), So:= fl(diag(1,s,...,s" 1)),
Hy:=fl(l, — (2/n)ee’), e:=(1,..., 1T,

Hy :=fl(I, — 2/mff1), f:=(-1,1,..., (=DM

Similarly to [14], we took a = 1.03, b = 1.008 and s = 1.001. Table 1 displays mrr and arr given
by M1, M1i, V, FH1, FH1i and FH1q for various n. Table 2 shows time ratios for 1yap in a part of the
examples in Table 1. In Tables 1-3, the notation OM means that V failed because of out of memory.

Table 1
The radii mrr and arr in the examples in [28].
n M1 M1i \ FH1 FH1i FH1q
mrr mrr mrr mrr mrr mrr
arr arr arr arr arr arr

50 22e-10  2.1e-13 2.5e-12  6.0e-8 3.6e-9 2.2e-16
1.2e-12 1.2e-15 1.8e-14 1.8e-11 1.2e-12 1.6e-16

100 6.9e-9 2.2e-12  OM 1.1e-6 1.5e-8 2.2e-16
3.8e-12 1.9e-15 oM 1.9e-10  3.4e-12 1.6e-16
200 1.2e-7 1.1e-11 oM 6.3e-6 1.9e-8 2.2e-16
9.8e-12 14e-15 oM 2.7e-9 1.3e-11 1.6e-16
300 1.8e-5 5.6e-11 oM 5.9e-3 1.3e-5 2.2e-16
1.1e-10 1.1e-15 oM 3.0e-8 4.9e-11 1.6e-16
400  5.6e-4 1.3e-10 oM 1.3e-1 8.1e-5 7.3e-16
1.2e-9 9.7e-16 oM 3.1e-7 1.3e-10 1.6e-16
500 4.5e-3 1.5e-10 oM 2.4e-1 8.3e-5 1.9e-15

1.5e-8 9.7e-16 oM 4.5e-6 8.7e-10 1.6e-16
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Table 2
The time ratios for 1yap in the examples in [28].
n M1 Mli V FH1  FH1i  FHlq

200 19 33 OM 50 7.0 12.0
300 20 38 OM 34 4.7 13.8
400 19 3.6 oM 29 3.9 124
500 1.8 3.5 OM 29 3.7 12.4

Table 3
The radii mrr and arr in the examples in [29].

Example M1 M1i \ FH1i FH1q

number mrr mrr mrr mrr mrr

in[29],m  arr arr arr arr arr

13,4 9.8e-1 2.6e-1 1.0e+0 1.0e+0 1.0e+0
52e-12  53e-14  12e-13 1l4e-12  13e-14

1.10, 8 9.8e-1 1.4e-1 1.0e+0 1.0e+0 1.0e+0
1.5e-12  9.5e-15 8.7e-14  18e-13  4.6e-15

18,9 6.3e-10  7.7e-14  8.2e-12  2.7e-13  2.2e-16
1.8e-12  2.5e-15  7.0e-14  14e-14  1.6e-16

1.6, 30 1.0e+0 3.2e-1 1.0e+0 1.0e+0 1.0e+0
6.5e-11 4.7e-14  9.8e-14  4.le-13 1.3e-15

3.2,40 7.8e-11 1.2e-13 4.1e-13 2.1e-12 2.2e-16
94e-12  5.6e-15  1.7e-13 1.0e-13 1.5e-16

1.9, 55 1.0e+0 1.0e+0 1.0e+0 1.0e+0 1.0e+0
2.8e-10 6.4e-12  16e-11 71e-11 1.7e-13

34,421 1.0e+0 1.0e+0 oM 1.0e+0 6.4e-1
7.9e-9 2.8e-11 OM 1.9e-9 1.7e-16

Table 4
The time ratios for V in the examples in [29].
m M1 M1i V  FHIi FH1q

30 3.6e-3  52e-3 1 2le-2  2le-2
40  9.0e-4  13e-3 1 5.7e-3  5.7e-3
55 3.0e-4 44e-4 1 4.5e-4  4.5e-4

It can be seen from Table 1 that M1 and M1i gave smaller radii than FH1 and FH1i, respectively.
When n = 50, M1 and M1i supplied larger and smaller radii than that by V, respectively. On the other
hand, FH1q yielded the smallest radii of all. We can confirm from Table 2 that M1 was fastest of all and
the required computing time was approximately twice as much as that of 1yap. The algorithm M1i
was slower than FH1 in many cases and faster than FH1i. The algorithm FH1q was slowest of all.

5.2. Results for the CTDSX benchmark collection

In this subsection, we report the obtained radii and time ratios for the examples in the CTDSX
benchmark collection [29]. We took these examples which have the form

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t),

where 4 € R™™ and B € R™™. From A and B, we built the matrices A = A, B = AT and
€ = fl(—BB") to formulate the Lyapunov equation

AX +XxAT = C. (16)

Table 3 displays mrr and arr given by M1, M1i, V, FH1i and FH1q for various examples. The first column
in Table 3 shows the example numbers in [29] and m. Table 4 shows time ratios for V in a part of the
examples in Table 3.

We can confirm from Table 3 that mrr obtained by M1i were smaller than those by FH1q when
example numbers were 1.3, 1.10 and 1.6. Moreover mrr by M1 were smaller than those by V when
example numbers were 1.3 and 1.10. We see similar tendencies to Section 5.1 with respect to mrr and
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Table 5
The radii mrr and arr for the example in [30].
Ex. no. in [30], m M1 M1i \Y FH1i FH1q
parameters mrr mrr mrr mrr mrr
arr arr arr arr arr
41,10 2.8e-5 71e-10 3.1e-7 8.8e-8 2.2e-16
r=12,5s =3.0 8.3e-6 3.0e-10 4.6e-8 2.6e-8 1.5e-16
41,15 1.0e+0 1.5e-6 NaN 5.9e-4 1.8e-13
r=23,5s =25 1.0e+0 5.2e-7 NaN 1.9e-4 5.9e-14
41,50 9.6e-5 1.6e-11 3.0e-6 1.0e-8 2.2e-16
r=13,s =11 2.2e-8 8.6e-15 1.2e-9 2.3e-11 1.6e-16
42,31 fail1 fail1l 1.4e-9 1.0e+0 1.0e+0
s =12,1 =-11 fail1 fail1 2.2e-12 1.0e+0 1.0e+0
42,25 fail2 fail2 5.1e-4 1.0e+0 1.0e+0
s =16, 1 =-11 fail2 fail2 41e-5 1.0e+0 1.0e+0
42,20 fail2 fail2 NaN 1.0e+0 9.3e-1
s =2.09, A =-1.1 fail2 fail2 NaN 1.0e+0 1.7e-1
m M2 M2i FH2 FH2i FH2q
mrr mrr mrr mrr mirr
arr arr arr arr arr
31 6.0e-8 2.5e-11 8.2e-6 1.3e-6 2.2e-16
4.0e-10 1.5e-13 3.4e-8 5.3e-9 1.5e-16
25 5.3e-3 3.5e-8 1.0e+0 1.8e-1 1.3e-13
5.0e-4 3.3e-9 9.le-1 9.1e-3 5.6e-15
20 fail3 fail3 1.0e+0 1.0e+0 3.9e-7
fail3 fail3 1.0e+0 1.0e+0 6.6e-9
Table 6
The time ratios for V in the examples in [30].
m M1 M1i \ FH1i FH1q
50 33e-4 53e-4 1 71e-4 1.4e-3
31 faill fail1l 1 19e-2  5.6e-2
25  fail2 fail2 1 53e-2  5.3e-2
20  fail2 fail2 1 91le-2  9le-2

m M2 M2i FH2 FH2i FH2q

31 1.7e-1 1.8e-1 3.6et0  3.6et0  3.6e+0
25 2.3e-1 2.3e-1 5.5e+0 5.5e+0 5.6e+0
20 fail3 fail3 52e+t0  52e+0  5.2e+0

arr except these results. Similarly to Section 5.1, Table 4 shows that M1 and M1i were faster than FH1i
and FH1q. Although V did not cause out of memory when m = 30, 40 and 55, this algorithm was
slowest of all.

5.3. Results for the CTLEX benchmark collection

In this subsection, we report the obtained radii and time ratios for the examples in the CTLEX
benchmark collection [30]. These examples directly give the matrices A and C in (16). We computed
such A and C via floating point operations in rounding-to-nearest mode. Table 5 displays mrr and arr
obtained by M1, M1i, V, FH1i, FH1q, M2, M2i, V, FH2, FH2i and FH2q for various examples. The first
column in the above part of Table 5 shows the example numbers in [30], m and parameters. Table 6
shows time ratios for V in a part of the examples in Table 5. In Tables 5 or 6, the notations faill, fail2
and fail3 mean that we could not prove ||Sallco < 1, [|Tpllm < 1, and |[fpllco < 1 and ||TB||M <1,
respectively, so that M1, M1i, M2 or M2i failed.

When m = 15, although M1 completed the execution, the result made no sense, since arr = 1.0. The
algorithm V failed in this example. When m = 31 and 25, the results by FH1i and FH1q made no sense,
and M1 and M1i failed. When m = 20, the result by FH1i made no sense, and M1, M1i and V failed. As
described in [14], the reason why many algorithms did not succeed when m = 31, 25 and 20 is that
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Vy is very ill-conditioned. Since we asked for a condition number in V2 of 1/./€, M2, M2i, FH2, FH2i
and FH2q succeeded even when m = 31 and 25. In these cases, M2 and M2i gave smaller radii than
those by FH2 and FH2i. On the other hand, FH2q gave the smallest radii of all. When m = 20, FH2q
succeeded, although M2 and M2i failed and FH2 and FH2i did not give meaningful results. From this it
can be seen that FH2q is robustest of all. From the case when m = 50 in Table 6, we can confirm similar
tendencies to Section 5.2 regarding to the computing times of M1, M1i, V, FH1i and FH1q. When m =
31 and 25, M2 and M2i were much faster than FH2, FH2i and FH2q. In these cases, the computing times
of M2 and M2i were approximately equal. The reason is that computation of F requires the largest cost
in both of M2 and M2i, and the other parts, including the iterative refinement and the enclosure of R
with the extended precision, did not remarkably influence the overall computing time.

6. Conclusion

In this paper, we proposed algorithms for enclosing solutions in (1). For developing these algo-
rithms, we presented Theorems 1-4 and introduced techniques for accelerating the enclosure and
obtaining smaller error bounds. Some numerical results were reported to show the properties of these
algorithms. As long as we compare the results obtained by M1 and M2 with FH1 and FH2 in Tables 1
and 5, respectively, it can be seen that the gains in quality of the enclosure come from the fact that
interval arithmetic, as used in [14], produces worse error bounds than those obtained by the proposed
algorithms. These comparisons are fair since these four algorithms do not use the extended precision
computation. By modifying these algorithms slightly, enclosing X* where A, B or C are interval matrices
is also possible. Our future work will be to clarify the reason why X¢ and X*” were not improved even
when we set the numbers of iterations in the iterative refinements as two or more.
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Appendix

In what follows we give the proof of Lemma 4. Lemmas 5 and 6 are firstly presented and referred,
respectively. Lemma 7 is then established using Lemmas 5 and 6. The proof of Lemma 4 is finally given
utilizing Lemma 7. Lemma 5 is a modification of [6, Lemma 3.5] such that it covers underflow.

Lemma 5. Forx,y € FC, floating point addition, subtraction, multiplication and division according to
IEEE 754 satisfy

xty
]+52

fixy) =xy(1+8%) + 1™, [8%] <212, In*] < 2v/2u,
flx/y) = +0/, 181 < V2ya, 0] < 4V2u,

fixty)=@x+y(1+8) = . 18E1L 185 < u,

X
y(+8/)
also in the presence of underflow.

Remark 4. In[20,Lemma3],|8*|and || are bounded suchthat |§ | < +/5uand || < 4u, respec-
tively. Thus Lemma 5 overestimates and improves the upper bounds for |§*| and |n ™|, respectively.

In the proof of Lemma 7, on the other hand, there is no advantage even when we utilize [§*| < V/5u
instead of |§%| < «/5)/2. However the upper bound for |Sy |s(m), where Sy is defined as in Theorem 1,
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can be improved by utilizing [n*| < 2+/2u instead of [n*| < 4u. See Section 3 for details, where the
improved bound is utilized.

Proof. As written in [19], for a, b € FR, the above operations satisfy
fllaob)=(1+38)(@aob)+n, oe{+, — x,/}, 16l <u, [n| <u,

also in the presence of underflow. Especially = 0 holds if o € {4, —}. These facts and [6, Proof of
Lemma 3.5] giveflix £y) = (x +y)(1 + 81i), |81i| < u including possible underflow. From [6, Proof
of Lemma 3.5], moreover, we have

|x + ylu 2
x+y) — X+ 9] < (x+yw? < (1_u :
which yields
Si X+ ~
Axty) = by (14 —2 | = 202, 5] <u
1-65 1-5;

Theresultflix £ y) = x £ y)/(1 + 32i), |82i| < u follows by putting SZi = —Szi.
Letx = a+biandy = c+di,wherea, b, ¢, d € FR andi = /—1. For multiplication, analogously
to [6, Proof of Lemma 3.5], we obtain

fl(xy) = ac(1+ 65) — bd(1 4 65) + n2 + i(ad(1 + 65) + bc(1 + 65") + n)),
where (65|, 1651, 1651, 165" < y» and |n2|, [n5| < 2u. Hence fl(xy) = xy + e*, where
le”|? < (ya(lac| + |bd]) + 2u)* + (y2(lad| + |bc|) + 2u)?
= y3((Jac| + |bd])® + (lad| + |bc])?) + 4you(lac| + |bd| + |ad| + |bc|) + 8u*.  (17)
It holds that

(lac| + |bd])?® + (lad| + |bc|)? = a*c® + b*d? + a*d® + b*c® + 4|abcd)|
= (@ + b*)(c? + d*) + 4V a?b?V/ 2d?
<2(a® +b*)( + d%), (18)

lac| + |bd| + |ad| + |bc]|

= /(lac| + |bd| + |ad| + |bc|)?

= \/(az + b2)(c? + d?) + 4|abcd| + 2((a® + b?)|cd| + (c2 + d?)|ab|)

= (@ +6)( + @) + aVa2b2 V2@ + 2(@ + )WV + (@ + @)V ab?)

<2/(@ + ) + ). (19)
The inequalities (17), (18) and (19) give

X% < 2p2(@ + b*)(c2 + d2) + 8yomy/ (a® + b2)(c? + d?) + 8u?
=2y2Ixy1? + 8yaulxy| + 8u* = 2(y2|xy] + 2u)?,

which shows the result with respect to the multiplication.
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For division, analogously to [6, Proof of Lemma 3.5], fl(Re x/y) = Re x/y + el and fl(Im x/y) =
Imx/y + eé, where

/ _ va(lac| + [bd]) /. _ va(lbc| + |ad])
ofl < =gt and el < RS an,
respectively. From (18), (19) and these inequalities, we have

2 2
186/y) — x/yP? < (V“('“C'*'bd') 4 4u) + (V‘*('L’C'W‘d') N 4u)

c? 4 d? 2 + d?
¥4 ((lac| + Ibd))* + (Ibc| + |ad])®) | 8yau(lac|+Ibd| + ad| + |bc|) 2
= + +32u
(c® +d?)? 2 + d?
2@+ D)@ + ) | 16y (@ + D)@+ )
< +32u
(C2 + d2)2 2 + d?

= 22|x/y1? + 16y4ulx/y| + 320> = 2(yalx/y| + 4u)?,
which gives

«/_y4| /y|+4fu

Ifl(x/y) — x/y| < 2yalx/y| + 4v/2u <
— V24

Thus we obtain

fiix/y) = (x/y) (1 +

A

/ _ X /14/ /
| +n/ = — 40/, 18| <2y 0| < 4V2u.
1—5/) y(1—8/)

The result regarding to the division holds by setting 8/ =-8§.10
LemmaG(Eg Higham [6]). If|§i| <uand pj = £1fori=1,...,n and nu < 1, then
H(l +8)” =1+ 60,, where |0,] < y.
i=1
Lemmas 5 and 6 yield the following lemma:
Lemma?7. Letay,...,ax_1,b1,...,bx_1,¢c,d1,dy €e FCy = (C—Zl 1 alb )/(d1 +d3) be evaluated
in floating point arithmetic, and y be the computed result. Then including possible underflow,

k-1
c— > aibi — (d1 + o)y
i=1

. (’H ) | 22k +201+ V2p)ld + b))

> laibil + 1(dy + d2)
P 1—ku

Proof. We proceed as in [6] by first fixing the order of evaluation. Consider the following code:

S=¢C
fori=1:k—1
s = s — ajb;

end

y=s/(d +dy)
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For the special case k = 4, repeated application of Lemma 5 yields for the computed value §

§=(((c —arb1(1 +87) — nH(A +81) — azbz(1 +85) — n3)(1 +85)
—azb3(1+85°) —n3)(1483),
where |8, | < u, 8| < v/2y; and [n| < 24/2ufori = 1, 2, 3. For general k, it follows that

k=1 k=1 k=1
s=c[Ja+8) -] ((aibi(l +8)+ 0[]+ 5j)) ) (20)
i=1 i=1 j=i
From Lemma 5, we have
. 5 S(1+487
y= ﬂ( ; ) —
di +dy (dy +d2)(1 4+ 8/)

where [81] < u, [8/| < +/2y4 and |1/| < 4+4/2u, so that

(dy +d2)(1+ 8y (di +dy)(1 + 8/

145+ =S 140+
This and (20) give
(d 4 dz)(] 4 8/)5/ k—1 3 k—1 k—1 3
T :CH“ +57) - Z] (@bi(1 +87) + 1) [T +87)
i= i= j=i
(di +da)(1 4 8/ )/
1+6t ’
that is,
A+ +d)y ki aibi(1+ 87) + n* L+ 8/)(d1 + da)n/
k—1 =¢ — i—1 k—1 ’
a+sH[[a+s7) = [Ta+s7) A+sH[Ja+67)
j=1 j=1 j=1

From this and Lemma 6, we obtain
k—1
(1481 + 01 + do)y =c — > (aibi(1 +87) + 0/ ) (1 + i)
i=1
+(1+8)(1 + O (dr + do)n’
where 6y = 0 and |6j| < y;forj =1, ..., k. This yields

k-1
c— D aibi — (di + d2)y

i=

=
—_

=> (Clibi((siX + 61+ 8761+ (1 + 9i—1)77ix)
i=1

(8! + 0+ 800 (dr + d)F — (1 +8/)(1 + 6)(dy + da)n’.

It follows from this and Lemma 5 that
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k-1
c— > aibi — (d1 + o)y
i=1

k—1
< > aibil (187 | 4+ 16i=1] + 187 16i—1 ) + (1 + 16i—1DIn;*])
i=1
(18] 1+ 16k + 18] 116D (s + d2)F| + (1 + 187D + 16 Idy + daln/|
k—1

< > (laibil (v2y2 + yie1 + V2y2vi-1) + 2v/2u(1 + yi-1))
i=1
+(V2¥a + Vi + V2yar) | (dh + d2)F| + 4vV2u(1 + V2 (1 4 y)|dy + do

k—1
<& (Z laibi] + |(dy + dz)ﬂ) + 2v2u(1 4 ) (k 4+ 2(1 4+ /2ya)|d1 + da)).

i=1

This and (1 + y%) = 1/(1 — ku) prove the lemma. 0O

We give the proof of Lemma 4 utilizing Lemma 7.
Proof of Lemma 4. Assume without loss of generality that T is lower triangular. Let /,L(k) be the number
of nonzero elements in Ty, and Tie,, - ., Tkwu(k)_l, Ty = tl(k) + t;k) be these nonzero elements.

Then the k-th step of forward substitution is

1 -1
e =1 ————=|bc— D TrwXi
t1(k) + ték) i=1
This and Lemma 7 give
r! ® 0 h! ® 0
~ K)\ ~ ~ K ~
b — D TrwXi— (6 + 6 )% < Cu0 | D0 [Thail + 16 4+ 6)%
= =

+2ﬁg(u“‘> 201+ V2y)le® + 69
1— 00y :

that is,
2/2u(u® +2(1 + 2y4) | T
1—u®u ’
23/2u(i +2(1 + /2ya) [ Til)
1— puu ’

b — (T3)kl < g0 (ITHXDk +

< &u(TIxDk +

which proves the result. [
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